Abstract. We give a new, geometric proof of the section conjecture for fixed points of finite group actions on projective curves of positive genus defined over the field of complex numbers, as well as its natural nilpotent analogue. As a part of our investigations we give an explicit description of the abelianised section map for groups of prime order in this setting. We also show a version of the 2-nilpotent section conjecture.
Introduction
For every pro-group π let π = Let S(E) denote the set of conjugacy classes of sections of any short exact sequence E as above, and let f n (E) : S(E) → S(E n ) denote the map which assigns to the conjugacy class of a section s of (1.0.1) the conjugacy class of the composition of s and the quotient map π → π/[π] n . Now let X be a smooth, projective, geometrically irreducible curve of positive genus over C and let G be a finite group acting on X. Assume that every non-trivial subgroup of G acts non-trivially on the algebraic curve X. Let X G denote the set of fixed points of G on X. Fix a base point x of X and let be the short exact sequence E(X, G) furnished by the action of G on X where π 1 (X, x) and π 1 (X, G, x) are the topological and the orbifold fundamental group of X with base point x, respectively. Let Σ be a set of primes and let C Σ denote the complete class of finite groups whose order is only divisible by primes in Σ. Let π be the map furnished by the C Σ -completion functor and let s n,Σ X,G denote the composition f n (E Σ (X, G)) • c Σ X,G • s X,G . One of the motivations to write this paper was to give a purely geometric proof to the following Theorem 1.1. The map
is a bijection.
It is easy to reduce the theorem above to the case when G is a cyclic group of prime order using the argument involving Frobenius groups in my previous paper [2] . In this case the results follows easily from Theorem 5.11 of [2] on page 366, which is the section conjecture for the C Σ -completion of the fundamental group of X. In that paper I used topological methods to prove this result. However here we will give a purely geometric proof studying the action of G on the Jacobian of X. Our central result is Theorem 4.7 below, which describes the map s 1,Σ X,G completely for groups of prime order. As a consequence of this result we will also get the following Corollary 1.2. Assume that G has prime order. Then the map
is injective if and only if |X G | = 2.
In particular we will see that the map s
1,Σ
X,G is neither injective nor surjective in general. It is natural to ask whether we can reconstruct the set X G using the maps s 1,Σ X,G and s
2,Σ
X,G , similarly to the main result of [5] . Our theorem says that this is true when |X G | ≥ 3 and G is a 2-group. Let
be the map which assigns to the conjugacy class of a section
] n the conjugacy class of the composition of s and the quotient map
X,G . Our last main result is the following Theorem 1.3. The image of the map
This result is closely analogous to Wickelgren's Theorem 1.1 of [5] and its proof is also very similar. Note that for every subgroup H ≤ G we have |X H | ≥ |X G |. Therefore by repeating the inductive proof of Proposition 2.5 in section 3, the theorem above combined with Corollary 1.2 implies the following Corollary 1.4. Assume that G is a 2-group and |X G | ≥ 3. Then the map
Contents 1.5. In the next chapter we give the definition of the section map and we deduce Theorem 1.1 from the special case when G has prime order. In the third section we prove the section conjecture for abelian varieties using geometric methods. We study the induced action of G on the Picard scheme when G has prime order, and as an application we compute the map s
1,Σ
X,G rather explicitly in the fourth section. The main result of this section, Theorem 4.7, looks classical, but we could not find a reference. We complete the proof of Theorem 1.1 in the fifth section using Tamagawa's trick and some simple group-theoretical arguments. We use cohomological obstruction theory to show Theorem 1.3 in the last section. Acknowledgement 1.6. The author was partially supported by the EPSRC grant P36794. I also wish to thank the referee for many useful comments and pointing out some errors in the original version.
2. Reduction to the case of a group of prime order Definition 2.1. In this paper by a topological space we always mean a Hausdorff topological space. For every topological space Y let Aut(Y ) denote the group of its self-homeomorphisms. Let X be a connected locally contractible topological space. Let G be a finite group and assume that a continuous left action h : G × X → X of G on X is given. Let x be a point of X and let ( X, x) be the universal cover of the pointed space (X, x). Let π : X → X be the covering map (with the property π( x) = x). We define the orbifold fundamental group π 1 (X, G, x) to be the following subgroup of Aut( X) × G:
By definition the group π 1 (X, G, x) acts on X. Moreover the fundamental group π 1 (X, x), considered as the group of deck transformations of the cover π : X → X, is a subgroup of π 1 (X, G, x) via the map φ → (φ, 1). Because every continuous map X → X can be lifted by the universal property of the covering map π we have an exact sequence E(X, G):
Let X G denote the set of fixed points of the action of G on X. Let y ∈ X G and choose a y ∈ X such that π( y) = y. For every g ∈ G there is a unique h y (g) ∈ π 1 (X, G, x) which fixes y and ψ X,G (h y (g)) = g. The map h y : G → π 1 (X, G, x) is a homomorphism which is also a section of the exact sequence (2.1.1) by construction. Let y ∈ X be another point such that π( y ) = y. Then there is a unique γ ∈ π 1 (X, x) such that y = γ( y). Clearly h y = γ −1 h y γ. By the above the conjugacy class of h y does not depend on the choice of the lift y. Hence we get a well-defined map:
which associates to y the conjugacy class of h y .
Lemma 2.2. The map s X,G is constant on the path-connected components of X G .
Proof. This is Lemma 2. Σ and π 1 (X, G, x) Σ , respectively. By applying the C Σ -completion functor to (2.1.1) we get the following exact sequence E Σ (X, G):
For every topological space M let π 0 (M ) denote the set of connected components of M . By the above when X G is locally path-connected for every n ∈ N there is a well-defined map:
which sends every connected component C to the class f n (E Σ (X, G))(c Σ X,G (s X,G (y))) where y ∈ C is arbitrary. Notation 2.4. For every algebraic variety X over C let the symbol X also denote the set of C-valued points of X equipped with the analytic topology by slight abuse of notation. Let X be as above and assume that G is a finite group acting on X. Let X G denote the variety of fixed points of the action of G on X. Since algebraic varieties are locally path-connected for the analytic topology we have a well-defined map:
by the above.
Let X again be a smooth, projective, geometrically irreducible curve of positive genus over C and let G be a finite group acting on X. Assume that every nontrivial subgroup of G acts non-trivially on the algebraic curve X. In this case every connected component of X G consists of one point. We will identify the sets X G and π 0 (X G ) in all that follows.
Proposition 2.5. Assume that Theorem 1.1 holds when G is a cyclic group of prime order. Then it holds in general.
Proof. Let H be a subgroup of G. Then there is a commutative diagram:
that the square on the right hand side is Cartesian because H belongs to the class C Σ . The restriction of sections
] ∞ , and hence this operation furnishes a map r X,G,H :
where the left vertical map is the inclusion. Suppose now that H has prime order. Then the map s ∞,Σ X,H is injective by assumption. Since the inclusion
X,G is injective. We are going to prove that s ∞,Σ X,G is bijective by induction on the order of G, that is, we will assume that we proved the claim for every finite group H whose order is strictly less than the order of G. By the above we only have to prove surjectivity. Suppose first that G has a proper normal subgroup H. Let
∞ be a section of the lower short exact sequence of the first diagram in this proof. The restriction φ| H of φ to H is a section of the upper short exact sequence of the same diagram, and hence there is a unique fixed point y ∈ X H corresponding to the conjugacy class of φ| H by assumption. Because H is a normal subgroup for every g ∈ G the point g(y) is also fixed by H. Moreover s ∞,Σ X,H (g(y)) is the conjugacy class of the sections given by the rule
for every g and h, so all these sections are conjugate. So by the injectivity of s
the point y is fixed by G and hence s ∞,Σ X,G is a bijection. Assume now that G is a simple group. Then either G is isomorphic to a group of prime order or it is non-abelian. When G has prime order we know the claim by assumption. Hence we may assume that G is not commutative. If the set S(E Σ (X, G) ∞ ) is empty there is nothing to prove. Assume now that it is nonempty; then the same also holds for every proper subgroup of G, hence the latter have a fixed point by the induction hypothesis. In particular every proper subgroup of G is cyclic, since the stabiliser of a point under an algebraic action of a finite group on a curve is necessarily cyclic. At this point it is possible to derive a contradiction by purely group-theoretical means: let H be a maximal proper subgroup of G. Fix an element x ∈ G − H and let J be the subgroup H ∩ xHx −1 . Since J ⊆ H, it is cyclic, so it is generated by an element y ∈ H. By definition y = xzx −1 for some z ∈ H. The order of z is the same as the order of xzx −1 = y, and hence z = y i for some integer i. Therefore x −1 yx = z = y i ∈ J and hence x −1 Jx ⊆ J. We get that J is normalized by x and it is also normalized by H because the latter is commutative. Hence J is a normal subgroup in G since x and H generate G. Therefore it is the trivial subgroup. So G is a Frobenius group. But Frobenius groups are never simple because of the existence of the Frobenius complement.
3. The section conjecture for abelian varieties Notation 3.1. Let X = (X, x) be a connected locally contractible pointed topological space and let Σ be a non-empty set of prime numbers. Let I(X, C Σ ) be the set of all open normal subgroups K of π
be the covering map of pointed topological spaces corresponding to pre-image of finite index subgroup K with respect to the completion map
G is locally path-connected and G ∈ C Σ . Let I(X, C Σ , G) denote the set of open subgroups K ∈ I(X, C Σ ) which are also normal as a subgroup of the larger group π
be a section of (1.0.4), and for every K ∈ I(X, C Σ , G) and for every g ∈ G pick an element g K ∈ π 1 (X, G, x) such that j( g K ) and s(g) are in the same right K-coset. By our assumptions on K the element g K normalizes the subgroup K ∩ π 1 (X, x) hence there is a unique homeomorphism h
is independent of the choice of g K and the map g → h K s (g) defines a continuous left-action of G on X K which will be denoted simply by h K s . With respect to this action the map π K is G-equivariant.
denote the composition c Definition 3.4. Let Γ be a group, let Σ be a set of primes and let p be an element of Σ. We will say that a group Γ is (Σ, p)-good if the homomorphism of cohomology groups
is an isomorphism for every finite p-torsion Γ Σ -module M . By Example 5.4 of [2] on page 363 every finitely generated free abelian group is (Σ, p)-good for every Σ and p as above.
Lemma 3.5. Let Γ be a group. Assume that it has a normal subgroup ∆ such that the quotient group Γ/∆ is in C Σ and ∆ is (Σ, p)-good and finitely generated. Then Γ is also (Σ, p)-good.
Proof. This claim is just a minor variant of part (b) of Exercise 2 of [3] on page 13. Because ∆ is finitely generated, every normal subgroup N ∆ such that ∆/N ∈ C Σ contains a characteristic subgroup R ∆ such that ∆/R ∈ C Σ , namely, the intersection of the kernels of all homomorphisms ∆ → ∆/N . Therefore the map ∆ Σ → Γ Σ induced by the inclusion map ∆ → Γ is injective and the quotient groups Γ Σ /∆ Σ and Γ/∆ are isomorphic. For every pro-group R, closed subgroup S ≤ R and S-module M let Ind 
where the vertical maps are those defined on page 11 of [3] . By Shapiro's lemma the vertical maps are isomorphisms. By assumption the lower horizontal map is also an isomorphism, so the claim is now clear.
In the rest of the paper we will assume that G is a cyclic group of prime order p. Theorem 3.6. Let A be an abelian variety over C equipped with an algebraic action of G. Then the map s
Proof. This claim is just a special case of Theorem 1.3 of [2] on page 354. However we are going to give a geometric proof in the spirit of this article. First we are going to prove that the map s Σ A,G is surjective. Since every finiteétale cover of an abelian variety is also an abelian variety, it will be enough to show that A G is non-empty when S(E Σ (A, G)) is non-empty, by Tamagawa's trick. Assume that this is not the case; then the action of G on A is free.
Let A/G denote the quotient of A by this free action. This is a smooth, projective variety, so it has finite cohomological dimension. The quotient map A → A/G is a finite topological cover and hence A/G is an Eilenberg-MacLane space. Its fundamental group is the extension of G by the fundamental group of A. Since the latter is a finitely generated abelian group, from Lemma 3.5 we get that
is isomorphic to H n (π Σ 1 (A/G, y), F p ) for every n ∈ N, where y is any point of A/G. So π Σ 1 (A/G, y) has finite mod-p cohomological dimension. But by assumption π Σ 1 (A/G, y) has a closed subgroup isomorphic to the finite group G. As the cohomological dimension of G is infinite, this is a contradiction.
Next we prove that the map s Σ A,G is injective. We may assume without the loss of generality that A G is non-empty, so we may also suppose that the identity element of A is fixed by G. In this case the action of G respects the group structure of A, and hence A G is a smooth projective algebraic group over C. Since the connected component B of the identity in A G is connected by definition, it is an abelian variety. Clearly π 0 (A G ) = A G /B so the the set π 0 (A G ) has the structure of a finite abelian group. For every n ∈ N and abelian variety C let C[n] denote the n-torsion of C. Let n ∈ N be divisible by the order of π 0 (A G ). Let
be the Kummer short exact sequence and let
be the associated coboundary map. The multiplication by n map is surjective on the abelian variety B, so we get that
is p-torsion so we get that π 0 (A G ) is p-torsion, too. Let x, y ∈ A G be two fixed points lying on two different components X and Y of A G , respectively. We want to show that s 
be the covering map introduced in Definition 3.2. We may equip A K uniquely with the structure of an abelian variety such that x K is the identity of A K and π K is an isogeny of abelian varieties. Note that with respect to the action h K s on A K the isogeny π K is G-equivariant and by assumption there is a y K ∈ A K fixed by G which maps to y with respect to π K for every such K.
Let ι : C 1 → C 2 be an isogeny of abelian varieties over C. Then every automorphism of the group scheme C 2 has at most one lift to an automorphism of C 1 with respect to ι, since the map ι induces an isomorphism on the tangent spaces of the identities of the abelian varieties C 1 and C 2 . In particular the the action of G on A nπ Σ 1 (A,x) = A (where x K = x) must be the given action on A for every n ∈ N whose prime divisors are all in Σ. In particular for every such n the point y lies in nA G . By the above this implies that y lies on the same component as x which is a contradiction.
Since the fundamental group of abelian varieties over C are commutative, the theorem above has the following immediate Corollary 3.7. Let A be an abelian variety over C equipped with an action of G. Then the map s
The abelian section map for groups of prime order
Definition 4.1. Assume now that X is a smooth, projective, geometrically irreducible curve of positive genus over C and G is a group of prime order p acting on X non-trivially. For every smooth projective connected curve Y over C let Pic(Y ) and Pic n (Y ) denote the Picard scheme of Y and the degree n component of the Picard scheme of Y , respectively. By functoriality the variety Pic n (X) is equipped with an action of G. Let X/G denote the quotient of X with respect to the action of G. Then X/G is also a smooth projective connected curve over C. Let π : X → X/G be the quotient map. Proof. The action of G respects the group structure of Pic 0 (X), and hence Pic 0 (X) G is a smooth projective algebraic group over C. Therefore the connected component A of the identity in Pic 0 (X) G is an abelian variety. The image B of Pic 0 (X/G) with respect to π * is also an abelian variety which is contained by A. For every abelian variety C over C let T (C) denote tangent space of C at the identity. By the above it will be enough to show that T (A) ⊆ T (Pic 0 (X)) and T (B) ⊆ T (Pic 0 (X)) are equal. There is a natural, and hence G-equivariant isomorphism between T (Pic 0 (X)) and
G with respect to the induced action of G and T (B) corresponds to π * (H 1 (X/G, O X/G )). Let U = {U i } i∈I be a finite, Zariski-open covering by affine subschemas of X/G and equip I with a well-ordering. Then V = {π −1 (U i )} i∈I is also a finite, Zariski-open covering by affine subschemas of X. Therefore theČech complex C * (V, O X ) computes the cohomology of O X by Theorem III.4.5 of [2] . Because the map π is flat and affine, the subcomplex
The claim is now clear.
Proof. We may assume without the loss of generality that L is very ample by adding to L the linear equivalence class of the divisor m g∈G g(y) for some C-valued point y and for a sufficiently large m. Let g ∈ G be a generator and choose an isomorphism
) has positive dimension. Therefore there is a non-zero s ∈ H 0 (X/H, π * (L)) which is an eigenvector for the automorphism:
that we get by pushing forward ι with respect to π. The divisor of the image of s with respect to the inverse of π * is a G-invariant divisor on X whose linear equivalence class is L.
Proof. Let [·] : X → Pic 1 (X) be the morphism which maps every point x to its linear equivalence class [x] . This map is G-equivariant, so it induces a commutative diagram:
and hence we get that there is a commutative diagram:
In particular we get that if
G is non-empty by Corollary 3.7, and hence by Proposition 4.3 there is a G-invariant divisor D of degree one on X. Then D can be written in the form:
where n y , n z ∈ N and all but finitely many n z -s are zero. Since the degree of the second summand is divisible by p we get that first summand is non-zero. In particular X G is non-empty.
For every finite set S let F p Div 0 (S) denote the group of formal linear combinations of elements of S of the form:
For every smooth projective connected curve Y over C let F (Y ) denote the function field of Y . By Kummer theory there is an α ∈ F (X) such that as an extension of F (X/G) we have F (X) = F (X/G)(α) and α p ∈ F (X/G).
Lemma 4.5. Let α ∈ F (X) be such that F (X) = F (X/G)(α) and α p ∈ F (X/G). Let r(α) denote the part of the divisor of α supported on X G mod p. Then the support of r(α) is X G and the F p -module generated by r(α) in F p Div 0 (X G ) is independent of the choice of α.
Proof. For every point y ∈ X the value of the normalised valuation corresponding to y taken on α is divisible by p if an only if π is unramified at y. The first claim is now clear. Let β ∈ F (X) be another element such that F (X) = F (X/G)(β) and β p ∈ F (X/G). By Galois theory there are primitive p-th roots of unity η, ζ ∈ C * such that g(α) = ηα and g(β) = ζβ where g is a generator of the Galois group G of the extension F (X)/F (X/G). There is a natural number i not divisible by p such that ζ = η i and hence β/α i ∈ F (X/G) by Galois theory. Therefore the part of the divisor of β supported on X G mod p is i times that of α mod p. The claim is now clear.
Let R X,G ≤ F p Div 0 (X G ) denote the F p -module generated by the part of the divisor of α supported on X G mod p for any α as above. 1 (G, π ab ) denote this cohomology class. Let us assume once more that X is a general algebraic variety over C equipped with the action of the finite group G. Note that the cohomology group
such that:
Assume again that X is a smooth, projective, geometrically irreducible curve of positive genus over C and G is a group of prime order p acting on X non-trivially.
Theorem 4.7. Assume that X G is non-empty. Then the map
is surjective and its kernel is R X,G . Proof of Theorem 3.8. For every z ∈ Pic 0 (X) G let z denote its connected component in π 0 (Pic 0 (X) G ). Let 0 denote the identity element of Pic 0 (X). There is a unique group homomorphism:
The map s 0 is a bijection by Corollary 3.7. Therefore the commutative group π 0 (Pic
be the same map as in the proof of Proposition 4.4. By the above there is a unique group homomorphism:
Let τ x : Pic 1 (X) → Pic 0 (X) be the map given by the rule z → z − [x]. Clearly the diagram
is commutative where φ is furnished by
induces an isomorphism between the abelianised fundamental groups of X and Pic 0 (X) we get that φ is an isomorphism, too. Therefore it will be enough to show that F p π 0 is surjective and its kernel is R X,G .
For every smooth projective connected curve Y over C let Div 0 (Y ), Prin(Y ) denote the group of degree zero divisors on Y , and its subgroup of principal divisors on Y , respectively. Let Div 0 (X) G , Prin(X) G denote the group of degree zero Ginvariant divisors on X and its subgroup of principal G-invariant divisors on X, respectively. By Propositions 4.2 and 4.3 we have:
Every G-invariant divisor D of degree zero on X can be written in the form:
where n u , n z ∈ N, all but finitely many n z -s are non-zero, and
We have D ∈ π * (Div 0 (X/G)) if and only if p divides n u for every u ∈ X G . We get that
It will be enough to determine the image of Prin(X)
* be an element such that its divisor (β) is G-invariant. Let g be a generator of the Galois group G of the extension F (X)/F (X/G). Then (β) = (g(β)) and hence β is an eigenvector of the C-linear map g. Since the order of g is p we get that g(β) = ηβ where η ∈ C * is a p-th root of unity. Therefore β p ∈ F (X/G) by Galois theory. The claim now follows from Lemma 4.5.
The nilpotent section conjecture
For every smooth projective irreducible curve Y over C, let g Y denote its genus.
is injective.
Proof. Clearly the map s
X,G is. Assume that this is not the case; then |X G | = 2 by Corollary 1.2. Let π : Y → X be the unique finiteétale Galois cover with Galois group isomorphic to F 2g X p . Equip Y with the G-action corresponding to the section of any of the two points in X G . The map π is Gequivariant with respect to this action. For both points y ∈ X G the set π −1 (y) is G-invariant, and by assumption contains a point fixed by G. Moreover the cardinality of π −1 (y) is p 2g Y , and hence the number of points fixed by G in this set must be divisible by p. We get that 2p ≤ |Y G |. Hence s
1,{p}
Y,G is injective and so is s ∞,Σ X,G .
The next result is the usual pro-Σ section conjecture for group actions on curves (Theorem 5.11 of [2] on page 366) in the special case when G has prime order. The argument in the proof of Proposition 2.5 can be used to reduce the general case to this one. Proof. See [6] .
Definition 6.4. In the rest of the paper we assume that |G| = 2. For every abelian pro-group L let L ∧ L denote the quotient of L ⊗ L by the closure of the group {a ⊗ a|a ∈ L} . Let L be a pro-G module. The pairing
induced by the cup product satisfies a ∪ a = 0 for every a ∈ H 1 (G, L), and hence it furnishes a natural map
Lemma 6.5. Assume that L has no 2-torsion. Then the map
Proof. This is Lemma 3.3 of [5] . For every i ∈ N let
induced by {·}.
Lemma 6.7. The order of the kernel of the map:
is at most 2.
by Lemma 6.8. Therefore we get that δ 2 (s I ) = 0 if and only if I is the empty set, it has cardinality one or I = {1, 2, . . . , n}. Since every element of H 1 (G, π Σ 1 (X, x) ab ) can be written in the form s I for some I as above, the claim is now clear.
